soon became clear that the martingale methods for arbitrage pricing, initiated by Harrison and Kreps, would work in models with stochastic interest rates, and have wider applicability than the usual differential methods (see [2] for an example related to equity options). We therefore decided to concentrate on the pricing of zero coupon bonds (leaving applications to ordinary bonds and options on them for a future paper) while, at the same time, presenting a general probabilistic framework. This approach allows us to analyse the relation between instantaneous rate of interest and bond process in a graduated way.
The first section presents a general model where absence of "free lunch" and viability of the model require that the discounted price of bonds follows a martingale process under a new, "risk-neutral," probability measure. This relation between the instantaneous interest rate process and the bond price process can be made more precise in Section 2, where the information generated by the 6rst process is supposed to be Brownian: the representation theorem for positive martingales with respect to Brownian motion allows us to describe the bond price process Pt as a stochastic Ito integral involving the instantaneous interest rate rt and an underlying "price of risk" process. Girsanov's theorem shows that for the risk-neutral probability the drift term of the differential, dP,/P,, is r, dt, as in a world of no uncertainty.
A technical result on Ito's differentials, proving that the drift term is a conditional expected rate of change, provides a sufficient condition for the uniqueness of the risk-neutral probability, and therefore for the arbitrage pricing in the model, of any asset.
The last section assumes that the instantaneous interest rate follows a diffusion process and will tie up our work with the usual differential approach in financial economics, while maintaining mathematical standards in definitions and proofs. It contains a derivation of the partial differential equation for the expression of bond prices as a function of the sole instantaneous interest rate. Independently from this work, Heath, Jarrow, and Morton [8] use the martingale approach to study diffusions describing the time evolution of the whole forward interest rates curve. They, therefore, deal with an infinite-dimensional state space, and, in their model, the current instantaneous rate does not, in general, follow a (one-dimensional) diffusion.
We want to thank Phelim Boyle, Michel Emery, and Patrice Poncet for encouraging us at the start of this work.
THE DISCOUNTED BOND PRICE PROCESS AS A MARTINGALE
This section presents the model of interest rate risk. Fundamental is a filtered probability space representing how information is available to agents over time. On this space we study which relations are possible between the instantaneous interest rate process and the price process of a zero-coupon bond with given maturity date T (mathematical assumptions in Section 1.1). Section 1.2 describes self-financing strategies for trading bonds against (current) cash invested in savings accounts at the (instantaneously riskless) instantaneous interest rate.
We assume and describe formally (Section 1.3) the absence of intertemporul arbitrage between bonds and savings accounts, as well as the existence of at least one agent whose preferences over combinations of current consumption and random future consumption, lead him, given the instantaneous interest rate and bond price processes, to choose the "no trade at all' strategy (Section 1.4).
We show in Section 1.5 how the method of Harrison and Kreps allows, given the model's assumptions, to link instantaneous interest rate and bond prices: discounted with respect to instantaneous interest rates, the price of bond process must be a martingale for the given filtration under an appropriate change of the original underlying probability measure, resulting in an equivalent "risk neutral" probability.
The Instantaneous Interest Rate and the Bond Price Processes
This subsection describes the mathematical model chosen to describe the random behavior of various assets over time: savings accounts, bonds, portfolios of those.
Given is a filtered probability space (52,9, P, (.Q,5t5 r) to model uncertainty and revelation of information over time: for 0 I s I t I T, one has e c e c %= %r, with the usual ASSUMPTION (F). .9$ contains all null sets of .%*; P is degenerate on So; forallt -z T, q= n,,,.9$ Since the instantaneous interest rate at time t is part of the information available at time t, we suppose given a process r with the following ASSU~~LPTION (R,). The process (r,)OSIS T is non-anticipative (see [8, p. 211 ) and, for almost evev w, the function t --) rt(w) is right continuous for O<t<T.
ASSUMPTION (R,)
. For almost all o, the function t --, r,(w) is strictly positive and Remark. If, as in Sections 2 and 3, for almost all w, t + rr(w) is strictly positive and continuous, and if, for all t, the value r, is %-measurable, then (R,) and (R,) hold.
Out of the process r we obtain a 6rst (financial) asset, mathematically speaking an element of L'(P, .Fr, P), by investing one unit of money at time 0 in an account earning interest at rate rr. DEFINITION 1. The savings account process Z" is defined and finite, for almost every w E E4, according to the formula Z:(o) = expi/dr,(O, du).
The process Z" is continuous a.e., strictly increasing, and each Zp is e-measurable. We shall make the ASJMPTION (R,). ZF E L*(P, .Fr, FD).
The second asset is a discount bond which pays, without risk of default, one unit of money at time T. The price P(t, T) at t, 0 I f I T, of this "zero-coupon bond with maturity time T," follows a stochastic process about which we make the following ASSUMPTION (PI). For each t the ualue P(t, T) is ~-measurable, and P(T, T) = 1.
One aim of the paper is to model no-arbitrage considerations in order to obtain relations between the two processes r and P(. , T). We accomplish this by first applying 1.2,1.3, the methodology of the work of Harrison and Kreps [7] to a model with stochastic interest rates.
Trading Strategies and Marketed Assets
The management of one's savings account and bonds, starting from an initial endowment at time 0 up to a terminal position allowing consumption at T, is supposed to be done without exact knowledge of the future, by shifting money between saving and buying or selling bonds, at times and in amounts not anticipative of future events. DEFINITION 2. An elementary trading strategy (S,), *, S T is a 2-dimensional stochastic process 8 = (8', 6') : fI x [0, T] + W 2 for which there exist a natural number n 2 1 and a sequence 0 I 1, I l1 I . . . I t, I t,+r = T such that fltk is bounded and .%&-measurable, 0 I k I n, and 0, = titk for all t in the interval [tk, tk+r[, 0 I k I n.
Remark. Whereas f$: can be simply seen as the number of bonds owned by an agent at tune t, the interpretation of e,! requires a distinction between current dollars at t and discounted dollars at 0 : 0: is the number of dollars which, invested at 0, would have provided at t the current value of the agent's savings account. Credit and short-sales are supposed to be unrestrictively possible since no sign or limitations are imposed on 8.
The next definition is intuitive. Remark. If we denote by (,) the scalar product in R2 and write Z, for the couple (Zp, P(t, T)), the self-financing property can be written as (0,-, Z,) = (e,, Z,), which allows us to give a definition without referring to the times (tk)k S n+l. DEFINITION 4. The set M of marketed assets is the subspace M of L2(Q, ST, P) consisting of all f such that there exists a self-6nancing strategy (8,) , ~ f ~ T such that f= (e,, z,) = e;z; + e;P(T, T).
Pricing under Absence of Free Lunch
A reasonable link between the processes r and P( *, T) is described in the The couple (M, s) determined by the processes r and P( ., T), in absence of a free lunch, is called a price system. The next subsection gives conditions for this to be obtained as a price equilibrium.
Viability of a Price System
The viability of a price system is to be interpreted as the existence of at least one consumer who, given his preferences over the couples (consumption at time 0, random consumption at time T) and given the prices of assets, is satisfied with his initial endowment. We will apply this theorem to our model without reducing the system to "present values"; although the discounted bond price process Z' defined by Z,? = P(t, T)exp( -cUdu) will play a central role in our theory, it clearly contains less information than the couple (Zp, P( t, T)). We also feel that some proofs are more transparent if they are given on Z, rather than Z:.
Martingale Discounted Pricing as Condition for Viability
The following theorem is proved in [7] , for constant r,. The proof for stochastic r, is rather similar and for completeness we give full details. THEOREM 2. If (Z,", P(t, T)) does not yield a free lunch then the derived price system (M, sr) is viable if and only if there exists a probability measure Q on (P, Sr) such that (a) p = dQ/dP > 0 a.e. (i.e., (9 and Fp are equivalent) W P expt -jzru du) E L2tQ, .%, W (c) under the measure Q the discounted bond price process Z: = P( t, T)exp( -j,$, du) is a martingale.
Proof of the "If " Part. The function 'p = p exp( -jzru du) being in L2( 52, .FT, P), for each f E A4 c L2, f * p exp( -jzru du) is in L'( Q, 9r, P) and f exp( -jo'r, du) is in L'(Q, .%r, 42); the positive function 'p is there-fore a candidate to be the $J from Theorem 1.
Since <Zh,,,T is supposed to be a martingale for Q we have hence P(t, T) = Zp -Z: = ZflE,
It follows that for all t -C T, 0 -c P(t, T) < 1 a.e. We now claim that for each marketed asset f E M, hence we have the last equality resulting from fact that Z,exp( -/$-, du) = (1, Z:) is a martingale. Repeating this string of equalities we finally obtain the number E,Wto~ Z,)l hl h w 'c is precisely a(f). To complete the proof of the "if part, we snnply note that r(f) is also equal to E[pfexp( -/o'r, du)] with 'p = p exp( -joTr,, du) > 0 and belonging to L*(Q, .Fr., P). With f = 2: E M we obtain 1 = E[ IJJ exp( /,,rr" du)] and we therefore know that p = I/J exp( /,,rrU du) is the density of a probability measure Q on (9, FT) equivalent to P, and that p exp( -/zrU du) belongs to L*( St, 9,., P). We use the same strategy as Harrison and Kreps to prove the 2: is a martingale with respect to 9, defining, for given 0 I t I s I T and A E $;, for u < t:
e," = l9,' = 0 for u = t: e; = 1 on A, 0: = 0 on A" 0: = -P(t, T)exp(-/,-jr, du) on A, 8: = 0 on A' for t < u < S: e, = et for u = s:
6,' = 0
on A, 9: = 0 on A' for u ) s:
8, = 8,.
I-he swats (~.h5.~~ is self-financing and generates Proof. The process p,P( t, T)exp( -&, du) is a martingale with respect to P; consequently,
The value outside the expectation sign may not be integrable but we reach the conclusion of the corollary by using a monotone sequential approximation and the positivity of all random variables. Remark 1. For further use we note that the expression p/p, is integrable and that E[p,/p,]S,] = 1, as can be seen by monotone sequential approximation.
Remark 2. If we take a modification for the martingale E,[(ZF)-'131 that is right continuous and has left limits a.e., then the same regularity holds for the process (P( t, T)), ~ r. In the next section we shall therefore make the following assumption ASSUMPTION (P2). For almost every w E Sl, the trajectory t + P(t, T)(o) has left limits for t > 0 and is right continuous for t < T.
THE CASE OF AN INSTANTANEOUS INTEREST RATE PROCESS ADAPTED TO A BROWNIAN MOTION
In this section we assume, moreover, that the instantaneous interest rate process generates the same information as the given filtration, as well as the existence of some Brownian motion with the same informational property. We then recall (Section 2.1) the classical results on representation of positive martingales with respect to Brownian motion. They allow us to describe the bond price process as a stochastic Ito integral involving the instantaneous interest rate and an underlying "price of risk process" (Section 2.2). Section 2.3 prepares for uniqueness results, by proving that the drift coefficient in an Ito differential is also a conditional expected rate of change under the general (rather than L2 integrability) assumptions on the coefficients in the Ito differential. This fact, of mathematical interest in its own, shows that the price of risk process is determined in a unique way out of the instantaneous interest rate and the bond price processes; it allows us to state (section 2.4) a sufficient condition for the uniqueness of the risk neutral probability of Section 1, as well as for the arbitrage pricing of any asset. It also allows us to recover the instantaneous interest rate, out of bond prices over vanishing time intervals (Section 2.5).
Instantaneous Interest Rates and Bond Prices Adapted to a Brownian Motion
To give more details on the way information becomes available to agents we make the following assumptions of existence and coherence. ASSUMPTION (R4). A standard Brownian process (B,), rO is given on (fJ, 3, la); that is, for each 0 I t, < t, < * * * < t, we have BrO, B,, -B to,---, 4 n -Bt.-, as independent normally distributed with mean zero and variances t,, t, -t,, . . . , t, -tnpl, the process (B,), t 0 being continuous.
ASSUMPTION (R,)
. The a-algebra e is generated by the variables B,,, 0 I u I t, and all the null sets of a(B,, s 2 0).
It is well known that the family (.%&, 1~ r is right continuous [lo, Theorem 4.3, p. 871.
. Up to sets of measure zero, the a-algebra 9j is generated by the variables (r,,) u ~ *.
The last assumption is very important from the modelization viewpoint and allows us to describe the Brownian motion by information coming only from (ruLgo~ avoiding so-called innovation processes.
Finally we denote the economic assumptions ASSUMPTION (V). The system (Z,),,,,, = (Zp, P(t, T))asrsT does not yield a free lunch and the deduced price system is viable.
From now on and possibly without further notice, we will assume that our model satisfies the following: ASSUMPTION (*). The model simultaneously satisjes (I;), (R,) to (R6), (PA (P*), W).
Under Assumption ( * ), the martingale property expressed in Theorem 2 of Section 1, leads to a representation of discounted bond prices, thanks to the classical results on representation of martingales with respect to Brownian motion. 
The Bond Price Process as a Stochastic Integral
Here we apply the results recalled in Section 2.1 to the martingale presentation of discounted bond prices in Section 1.5, getting integral and differential representations related to a "price of risk" process for them.
We study first the representation of the positive martingale pr = IE[dQ/dP I$]. PROPOSITION 1. Under Assumption ( * ) the bond price process in given by
where (qshsslT is a predictable process such that Applying now the representation theorem to the martingale involving P(t, T) we obtain PROPOSITION 2. Under Assumption ( * ) the bond price process (P(t, T))ost<~ is a continuous process with stochastic diflerential dP(t, T) = p,P(t, T) dt + utP(t, T) dB, such that (4 (cL~, qhs, s T is predictable (b) /,,r$ du < cc a.e. and loTIp,) du < 00 a.e. (c) pLt -r, + crtqt = 0, q, as in Proposition 1.
Proof. Corollary 2 in Section 1.6 provides the equality
whose left-hand side is already right continuous. Since the right-hand side has a continuous modification (see (a) in Result l), the left-hand side is necessarily continuous a.e. and the process (P(t, T)),, 1~ T is continuous a.e.
Applying Result 2 of Section 2.1 we obtain where G-4 (.Lh5;s~T is predictable (b) /oTfs' ds < 00 a.e.
(4 EIexpU,Tf, 4 -~loTfsz 41 = 1.
We therefore have
where the integrals make sense since 10r(fs -q,)* ds c cc a.e., because of joTfs2 a3 -c co, /O'qz & < CO, a.e. and lo'< r, + 1 qsfs 1 + qz) a3 -C CO a.e. Part (c) of the proposition follows from the facts that ps = rs + qz -qsfs and us = f, -q,, obtained by Ito's formula.
The following consequence of Proposition 2 is a first explanation of the name "risk-neutral probability" used for the measure Q with density P = eWl&?, d4 -%%,' 4:
COROLLARY. Under Assumption ( * ), the process rtP(t, T) is the drijt term of P( t, T) under the risk-neutral probability measure Q. ProojI Girsanov's theorem (see [lo, Theorem 6.3, p. 232; 9, Section 3.5; or 4, Theorem 49, Chap. 71) ensures that the process jU = B,, -/;q, a3 is a Brownian motion under the probability 49, and the expression of dP can be written, according to (c) in Proposition 2, dP(t, T) = (P, + w,)p,dt + d',(dB, -0) = r,P, dt + a,P, d&.
Remark. The functional ( qr)o S f S r can be interpreted as the price per unit of risk, measuring the difference between returns on bonds and (instantaneously risk-free) savings accounts.
Description of the Drift Term in Stochastic Diflerentials
This and the following subsection deal with questions of uniqueness. It follows from the structure of martingales with respect to (e), S r, that the predictable processes encountered are only defined up to sets of measure zero in the space [0, T] x 52 equipped with the product measure m @ P, m the Lebesgue measure on [0, T]; uniqueness has therefore to be understood up to sets of m 0 P measure zero.
The uniqueness of asset pricing is connected by the results in Section 1.5 to the uniqueness of the risk neutral measure Q, hence to the uniqueness of the pr=ss (a,) o s u s T in Proposition 1. We therefore investigate how to recover the process (q,)O ~ u S r from the process (Z,), S I S T, with the help of the differential expression provided by Proposition 2. The following theorem, of rather technical nature, extends the known conditions under which a drift coefficient happens to be a conditional expected rate of change. Proof. (a) It follows from the general theory of stochastic processes that the conditional expectations can be chosen in such a way that (Y,), ~ u I r is continuous a.e. This fact is standard, but for completeness we sketch a proof. Our basic reference is Dellacherie's book [3] .
The prou -, Xtu+l/n) ,, Tn is measurable and therefore it has an optional projection Y, (see [3] , where the expression "bien mesurable" is used instead of "optional"). The latter satisfies a.e. for each stopping time v hence Under assumption (R,) the family ($)a ~ ,< r is quasi left continuous (see [l, Theorem 4, p. 70, and Exercise 2.2.2, p. 561) and hence the accessible and predictable u-algebras coincide [3, T 51, p. 621. From Theorem T 19 in [3, p. 1011, it follows that the optional projection Vuhru~T and the predictable projection 3Y, differ only slightly: the set (<u, Q)l y,(w) + 3r,b)) is contained in a countable union of graphs of totally inaccessible stopping times. By Theorem T 41 in [3, p. 1121, the totally inacessible stopping times are the instants of jumps of martingales. Since the structure theorem for martingales with respect to Brownian motion ensures that all martingales have continuous modifications, we obtain that there are no totally inaccessible stopping times and hence the two pro-es WO~u~T ad (3YUhbusT coincide: for almost all w E Q, we have for all u I T: Y,(w) = 3Y,(w). Since Theorem T 20 in [3] proves the right continuity of the process (Y,), ~ u ~ r and the left continuity of the pro=-(3YUhcu~;T~ we reach the conclusion that (Y,), ~ )( ~ r is continuous a.e.
(b) If we make, for a while, the extra assumption that X, is bounded (say IX,] < 1, as is fulfilled in Section 1 by X, = P( u, T)), there is no need for stopping at times rn, and we simply want to prove that in m @ P measure. (i) Given E > 0 we first choose N in order to fulfill the inequality (2 + VYviv < T] < a; then we use (g) to find ha such that the expectation term in the last line of (h) is smaller than E for each h in IO, h,[; we have then proved the theorem in the case of a bounded process (X,), 5 y s r.
(j) Turning to the general case we will apply localization: the differential of the process stopped at rv, (X, ,., ..), is It follows from (a) to (i) that, in m @ P measure Taking N + cc gives the desired result.
Uniqueness Results
The theorem in Section 2.3 provides a tool to study the uniqueness of the drift and variance terms in the differential expression of the process P, as well as the uniqueness of the price of risk process and risk neutral probability measure. First, it shows immediately that, in m Q FD measure, p,P(u, T) is the limit as h -+ 0 of (l/h)E[P(u + h, T) -P(u, T)J%,]. Two other determination properties follow. PROPOSITION Since, by Assumptions (R,) and (R6), BI is recovered from the process (rs)O~s5*9 the knowledge of the processes (P(t, T))OSrS;T and (r,)05,sr dete*es (%)O<tsT and (Ol)O<l<T.
For the "price of risk" process the uniqueness is subject to a qualification:
COROLLARY. Under Assumption ( * ), the process ( qt)o ~, ~ T (see Proposition 1) is uniquely defmed by the two processes (rr)oS 15 T and (P(t9 VO<IST, on the set SC = {(u, w)lu,(w) # O}.
Proof: Point (c) in Proposition 2, CL, -r, + u,q, = 0, simply proves the corollary.
From now on we will reserve the symbols 11, and u, for the elements in the differential of P, i.e., dP(t, T) = prP(t, T) dt + u,P(t, T) dB,.
Since uniqueness for q is equivalent to uniqueness for Q, the assumption m Q1 P(S) = 0, by the corollary above, ensures the uniqueness of Q. The converse is more technical: Proof. The pricing formula stated above is equivalent to n(g) = E,[ g exp( -jOTrud J], and the uniqueness of the representing measure implies that each element of L2 can be priced by arbitrage. Remark 1. The uniqueness of the representing measure is related to the density of the "stable" space generated by M: from uniqueness it follows that M is dense in L2(P, .9r, P), see Chapter 8 in [4] . Remark 2. For g E L2(8, 9r, P), its price at time u, u > 0, can be determined as follows. Assuming (*) and m Q P(S) = 0, the price Y, of g at time u should be such that the system remains viable if the value Y,exp( -/ours u!r) is added, hence this should be a martingale under Q. Therefore, If g exp( -jOTrS u!r) is bounded, we can write
Remark 3. The pricing recipe given in Proposition 4: "simply integrate the discounted value of the asset at T, with respect to the measure Q" explains the terminology "risk-neutral probability" for 49.
Recovering the Instantaneous Interest Rate Process from the Bond Price Process
Here we give a formal statement and proof of the frequently used assertion on the instantaneous interest rate at s, being "the limit, as h + 0, of the internal rate of return at time s on a bond with maturity at s + h."
Formally, a zero-coupon bond paying 1 at time t < T has to be the element g = exp( l,'r, dr) of L*(P, 9r., P). According to Proposition 4 in Section 2.4, its price at time u, u < t, is given by At time u, u > t, the price is simply given by exp( j,"r,ds). (ii) if max,, US TrU E L'(Q ST, Q), then for each u < T, we have lim ,, +a( -(l/h)Log P(u, u + h)) = rU a.e.
Proof of Part (ii). Since, as h + 0, a.e., it is sufficient to prove that (l/h)(l -P(u, u + h)) + r,, a.e. We rather study the product Since the expression under the conditional expectation sign is dominated by an integrable function. We therefore apply the dominated convergence theo-rem for conditional expectations, to (l/h)(l -exp( -jt+hrs ds)) (which a.e. converges to r,,) in order to get the result in (ii).
Proof of Part (i). It is similar to the proof of Theorem 1. The boundedness of jo'rs dr is not guaranteed (and not satisfied in a diffusion process). We therefore introduce some stopping times to "localize" the problem. The inequalities x -x2/2 I 1 -ePX I x, x > 0, provide for the last conditional expectation, the upper bound Taking expectations on [0, T -h] X Q we obtain From measure theory we know that and The dominated convergence theorem shows that the limit, as h + 0, of the first of the last two terms is zero.
For the second term we observe that and that, for each w E 52,
The equal integrability in L'([O, T], m) together with the relation lim / (u+h) AT). 1 h+O u s (s s TN1 ds = 0, allows us to conclude that for each w E C?,
The dominated convergence theorem allows us to pass to the integral on the space on Q. The proof is then completed in the same way as the proof of Theorem 1. Remark 1. The relation lim, +. -(l/h)Log P(u, u + h) = r,, allows the interpretation of ru as the instantaneous rate of interest. It also shows that no arbitrage is possible between "short-term" bonds and savings accounts.
Remark 2. Uniqueness was only needed to obtain a unique expression for the value P(u, (a + h) A T). If Q is not unique and we agree to calculate the price of all these bonds with the same measure then a similar theorem can be proved. Unfortunately, if Q is not unique, there is no economic reason to make calculations with the same probability measure.
THE CASE OF AN INSTANTANEOUS INTEREST RATE FOLLOWING A DIFFUSION PROCESS
In this section we assume the instantaneous interest rate process to be a diffusion. For the readability of the proofs we shall only present the stationary case. We prove, under regularity conditions that (i) the savings account process is indeed square-integrable (Section 3.1), a result of mathematical interest on its own;
(ii) the bond price process is a mere (time-dependent) deterministic function of the instantaneous interest rate process, if and only if the same is true for the price of risk process (Section 3.2); (iii) under differentiability assumptions, the deterministic function in (ii) satisfies a parabolic partial differential equation and the bond price process is also a diffusion (Section 3.3).
From the diffusion assumption it follows that the instantaneous interest rate process (r,) , is a Markov process. We will not use the canonical representation which becomes unavoidable for more sophisticated applications. The Markov property is expressed here as follows:
Markov Property. For each bounded measurable function g on P depending on r,, for t I u < T, t given, i.e., g measurable for a(r,; t 2 u I T), one has W%t;l = ~[glr,l.
For reasons of simplicity we assume that the drift and diffusion coefficients for dr, are C", and, more important, that in finite time, r, never approaches either 0 or + cc. for some C" function 0~. The last equation shows that, for 0 ZG u < s, the w=ss (4Josuss can be recovered from the process (X,), ~ u ~ =, hence also from the process (rU)0SU5:s. The differences (B, -B,),,,,, can similarly be recovered from ( rU) j ~ u ~ S, a very important remark, for later use:
whenever the stochastic integrals j:f (u, r,,) dB,, are defined, these functions O~Y depend on (rJjiuss.
Remark 3. The fact b < 0 may seem to be strange since usually b is interpreted as the standard deviation. However, the sign of b is of no importance since, if we replace B, by -B,, the b changes its sign. For later use it is better that the diffusion coefficient of P(t, T) becomes positive, and since it turns out that the latter has sign opposite to the sign of b, we assume b < 0; the nonvanishing of b is what does matter, describing the activity of the market.
A Sujficient Condition for the Savings Account to be Integrable
The diffusion assumption (R7) on the instantaneous interest rate process does not necessarily imply the integrability property (R3) of the bond price process. The theorem below states a sufficient condition for (R3) to hold, which has a reasonable economic counterpart: boundedness of the drift coefficient for dr, should be a consequence of economic forces bringing back the instantaneous interest rate to "normal" values if it happens to become too high; in a concrete model one will even assume a(x) < 0 for x large enough. for some Cm functions a and /I on (0, + cc) where, for some K > 0, I/31 < K and for some X > eTxo, a(x) s K for all x 2 X. We shall show that the bounded behavior of a( a) at infinity compensates for the possible large values of X, in /:a( X,) X&.
(c) Let u be any time between 0 and T, for an w E Q such that X,(w) > X, we introduce the last time before u, where X, = X: e(u, w) = sup{tlt < u, X,(w) 5 X}.
Since e( a, w) (or, briefly, U) is not a stopping time, it has to be handled carefully! We obtain for such an w:
the following inequalities hold the latter remaining, a fortiori, true for an w' with X,(w') I X. [ 1 3.2. Condition for a Deterministic Dependence of (t, P,) on (t, rt)
We study here the possibility of representing the bond price process as a mere deterministic function of the instantaneous interest rate process. It happens to be equivalent to the same possibility for the "price of risk" process. which gives P,p,, as a deterministic function of (u, rU). The diffusion coefficient a,, is recovered from the drift coefficient in PUe-'u, equal, by Ito's formula, to e -"PU(j.4s, -a -bu,);
s~=w"+P"-r, = 0, the statement of (iii) follows.
Remark. The "price of risk" function 4 may be seen as reflecting the behaviour of an agent ensuring the viability of the model.
The Bond Price Process as a Diffiion
This last section will connect our work to papers using the usual differential approach in financial economics (see [12] ). By making differentiability assumptions on the "price of risk" function studied in Section 3.2 we obtain a mathematical derivation of the partial differential equation connecting the two processes r and P. with the condition, for each x > 0, lim,? Tf(t, x) = 1. Since a, b, q are Cm functions of t and x, we find a unique C" solution h, given, by the Feynman-Kac formula (see [6, Section 6.5] ), as the expectation of exp( -j,'rs G!s), conditional to rt = x, calculated with respect to the proba@ity making dr = (a + bq) dt + bdi a diffusion, that is, the probability Q. We have therefore identified P as the solution h of (* ).
(c) Ito's formula applied to P( U, T) = h( 24, rJ, dP(u, T) = (a,h + aa,h + :b2ax,h) du + ba,hdB,,
shows that the diffusion coefficient in dP is ba,h, hence a,, # 0 is equivalent to J,h(u, r,,(o)) # 0. We shall prove now that a,h < 0 on (0, T) x (0, cc) (a result fitting with intuition), and this will ensure au > 0 and the unicity of the risk neutral probability measure Q.
(ci) Let us show first that a,h I 0 : if rt and r,' are the two solutions of dr, = a dt + bdB,, such that rt = x, rt = y, and x > y, then Emery's result [5, p. 5881 on non-confluence shows that for almost all w, rsX(w) > r,Y(w) for all s I T, the integral representation of P(t, T) ensures then that h(t, x) < 41, Y).
(c2) Since h is decreasing in x, i3,h = 0 implies a,,h = 0 and a,,,h I 0; taking the derivative of the partial differential equation we obtain a,( r3,h + (a + bq) c3,h + :b2 a,,h -xh) = 0 aXlh + (a + bij)'a,h + (a + bij) aX,h + ;( b2)' ilX,h +fb2a,,,h -h -xa,h = 0. and hence a,,h > 0. It follows that, for a,h(t, x) = 0 and E > 0 small enough, a,h(t + E, x) > 0, a contradiction with the result in (ci). We conclude that il,h < 0 and Q is therefore uniquely determined.
(d) For each t, the function x -+ h(t, x) can be inverted, i.e., there exists g(t, p) such that g(t, h(t, x)) = x; the implicit function theorem ensures that g is C", and we can write dP(t, T) = dh(t, rt) = ,ii(t, P(t, T)) dt + iY(t, P(t, T)) dB,, where ,ii and 5 are C" functions; this says that P follows a diffusion and is therefore a Markov process. Remark 1. We could obtain jI and 0 in (d), by plugging x = g(t, p) in the result of Ito's formula (see the beginning of (c)).
Remark 2. The strict monotonicity of h( t, x) in x already proves the Markov character of P, since it ensures the existence of g, which gives, up to sets of measure zero, * = [I( P( u, T)I 24 I t), a( r,) = a( P(t, T)) for all t I T.
